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We analyse phase diagram of Nambu{Jona-Lasinio model at nite temperature taking into ac-
count chiral fluctuations. We show that phase diagram of the model possesses regions that are
characterised by two temperatures: T ∗ that is temperature when nonzero gap modulus forms lo-
cally and an essentially lower temperature Tc at which chiral symmetry gets broken spontaneously
via 3D O(4)-sigma model transition. Region Tc < T < T
∗ where there exists local gap modulus but
no long-range order is similar to a phase of non-condensed Cooper pairs in a strong-coupling or low
carrier density superconductors.
I. INTRODUCTION
What is the motivation of employing nonperturbative sigma - model approach for study of symmetry breakdown in
Nambu{Jona-Lasinio (NJL) model? NJL [1,2] model had as a source of inspiration the BCS model of superconductivity
and has in some sense quite a similar structure with it. In the papers [3] we have shown that nonperturbative sigma-
model approach analogous to employed in this paper describes symmetry breakdown in a strong-coupling or low
carrier density superconductors, where temperature of the pair formation may be arbitrarily higher than temperature
of the onset of phase coherence. Separation of these two temperatures in strong-coupling superconductors is already
known for many years (Crossover from BCS superconductivity to { Bose-Einstein Condensation (BEC) of tightly
bound fermion pairs) [4]. Except for sigma -model approach this crossover was studied by variety of perturbative
methods (for references see [3]). Moreover there exists strong experimental evidence of the existence of this crossover
with decreasing carrier density in cuprate High-Temperature superconductors.
We will start with outlinig how within sigma-model approach (or more precisely 3D XY-model approach) we can
describe a symmetry breakdown in a strong-coupling superconductor. With it we can gain more insight whether one
can study phase diagram of NJL model at nite temperatures within sigma-model approach.
II. WHAT ARE THE LESSON FROM STRONG-COUPLING AND LOW CARRIER DENSITY
THEORIES OF SUPERCONDUCTIVITY FOR NJL MODEL?
Over long time BCS theory described perfectly metallic superconductors. However it failed to describe even qualita-
tively superconductivity in underdoped High-Tc compounds. One of the most exotic properties of the later materials
is existence of a pseudogap in the spectrum of the normal state well above critical temperature that from experimental
point of view manifests itself as an essential suppression of low frequency spectral weight thus being in contrast to
exactly zero spectral weight in the case of superconductive gap. Moreover spectroscopy experiments show that super-
conductive gap evolves smoothly by magnitude and wave vector dependence to a pseudogap in normal state. Except
for it NMR experiments clearly indicate existence of incoherent Cooper pairs well above Tc. What is hidden behind
this circumstances, and why BCS theory is incapable to describe it? Let us imagine for a moment that we were able
to bind Cooper pairs in a superconductor innitely tightly - obviously this implies that characteristic temperature of
thermal pair decomposition will be also innitely high, however this does not imply that the long-range order will
survive at innitely high temperatures. As it was rst observed in [4], it will be destroyed in a similar way as it
happens say in superfluid 4He i.e. tightly bound Cooper pairs, at certain temperature will acquire a nonzero momen-
tum and thus we will have gas of tightly bound Cooper pairs but no macroscopic occupation of zero momentum level
q = 0 and with it no long-range order. Thus phase diagram of a strong coupling superconductor has three regions: (i)
Superconductive phase where there are condensed Cooper pairs, (ii) Pseudogap phase where there exist Cooper pairs
but no condensate and with it there is no symmetry breakdown and no superconductivity, (iii) Normal phase with
thermally decomposed Cooper pair. In order to describe superconductivity in a such system theory should incorporate
pairs with nonzero momentum and thus BCS mean-field treatment is invalid for description of spontaneous symmetry
breakdown in a system with a moderately strong attractive interaction or low carier density (see [4], [3] and references
therein).
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This can as well be understood in the following manner: At rst we can derive an eective potential for a strong-
coupling superconductor, say in the simplest case it will be a "mexican hat" potential that disappears at certain
temperature. The eective potential determines size of the modulus of the complex gap function ∆ = ei’(x).
The BCS theory postulates that phase is constant and thus if we have a "mexical hat" eective potential we have
spontaneous symmetry breakdown. However it will not be always the case if we have system with tightly bound
Cooper pairs that can be seen if we go beyond mean-eld approximation by extracting lowest gradient terms and
then following to [5] writing partition function of as a functional integral over modulus and phase of the Hubbard-
Stratonovich eld:
Z(; T ) =
Z
DD’ exp [−Ω(T;(x); @’(x))]; (1)
where





(r’)2 + Ωpot(T;): (2)
In the above expression eective potential Ωpot(T;) coincides with the ordinary mean-eld eective potential.
Gradient term Ωg(T;; @’(x)) in our case of 3D superconductor coincides with Hamiltonian of 3D XY model with
stiness J((; T )). So for description of the onset and disappearance of the phase coherence in this system we
should study phase transition of 3D XY-model with temperature dependent stiness coecient [3], which size should
be determined self-consistently with mean-eld equation for the modulus of the complex gap function. With it we
can see that in the weak-coupling limit, the temperature of the phase transition of the eective XY-model tends
from below to the characteristic temperature of the disappearance of the eective potential and merges with it for
innitesimally weak coupling strength. Thus we arrive at some sort of aposteriori verication of BCS behavior in this
limit (i.e. in this limit if nonzero modulus of the complex gap function ∆ = ei’(x) appears at some temperature, at
the same temperature phase coherence is established and continuous symmetry is broken). In the opposite limit of
strong coupling strength we can see that the temperature T  of the disappearance of the eective potential obviously
continues to grow with the coupling strength whereas the phase stiness of the eective XY model tends exponentially
to the constant value
n
4m
that corresponds to the phase stiness of the Bose gas with density n=2 and mass 2m (and
with it the temperature of the onset of phase coherence Tc also tends to a constant value that depends only on the mass
and density of fermions and does not depend on the coupling strength). Thus in a strong-coupling superconductor
we have a large region between T  and Tc that is characterised by a complex gap function jjei’(x) with nonzero gap
modulus jj but random phase ’(x) so the average < jjei’(x) > is zero and thus no continuous symmetry is broken,
as it happens in the O(2) sigma-model. 1 2
The same arguments were used also in our previous paper for description of condensate depletion by chiral fluctu-
ations in the Gross-Neveu model with U(1) symmetry at low N at zero temperature [6] and at nite temperatures
[7]. There in the regime of low N existence of the analogous phase separation was shown. For example in the rst
paper we observed situation similar to the above discussion of the strong-coupling superconductor, namely that phase
stiness of the eective XY-model of the chiral GN model at low N tends to a plateau value N=4 that depends only
on the number of the eld components N and does not depend on the coupling strength and  that allows to show
existence of the pseudogap phase.
Important circumstance that makes BCS-BEC crossover in superconductors to be a valuable example is that strong-
coupling limit can be studied as well perturbatively (see for example [4,8]). In particular interaction between composite
bosons can be taken into account in the "next-next-to mean-eld" approximation and an eective Gross-Pitaevskii
equation can be derived in the strong-coupling limit [8].
III. MODEL
The Lagrangian of the NJL model reads [1]:
1In the case of superconductor this crossover also takes place as a function of carrier density with BCS limit corresponding to
high carrier density
2Even though in the pseudogap phase there is no superconductivity, this phase exhibit exotic non-Fermi-liquid behavior due
to presence of the local gap.
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L =  i@= + g0
2Nc
h(   2 + (  aiγ5 2i : (3)
The three 2 2-dimensional matrices a=2, generate the fundamental representation of flavor SU(2), and are normal-
ized by tr(ab) = 2ab.
One can introduce Hubbard - Stratanovich elds  and a:






























The constituent quark mass M in the limit Nc ! 1 is analogous to superconductive gap in the BCS limit of the
theory of superconductivity
Obviously in the case of NJL model at nite temperature we will have 3D O(4)-sigma -model for nonperturbative
description of the onset and disappearance of the phase coherence in the system with preformed gap modulus instead
of 3D XY model in the case of a superconductor.
In the paper [9] following to our previous considerations of sigma-model approach for description of the symmetry
breakdown in 3D superconductors and Gross-Neveu model [3] [6], it was suggested that in order to account for dynamic
chiral fluctuation in NJL model at zero temperature one should set up 4D O(4) sigma-model. Authors of [9] came to
conclusion that resulting stiness of the eective 4D O(4) sigma model is too small and thus eective sigma model is
always in disordered phase due to strong dynamic chiral fluctuations. Even though the conclusion [9] relies heavily
on the accuracy of approximation it at least may be regarded as an indication of the importance of the quantum
chiral fluctuations in the NJL model at zero temperature. Another claim of the paper [9] was that this analysis
invalidates nite temperature studies of the NJL model. However it is known that at nite temperature temporal
degree of freedom is cut o and one should employ dimensional reduction arguments in order to describe symmetry
breakdown at nite temperatures (see detailed discussion of the dimensional reduction in context of QCD in [10]).
In this paper employing dimensional reduction arguments we show that within 3D sigma-model approach NJL model
at nite temperatures does display symmetry breakdown. Most interesting circumstance, as it will be shown below,
is that the phase diagram of the NJL model at nite temperature is dominated by a phase with behavior similar to
behavior of a strong-coupling or low-carrier density superconductor and the model possesses a phase analogous to
pseudogap phase of superconductor when symmetry is restored by a phase transition of 3D O(4) sigma model however
there exists nonzero local gap.
IV. CLASSICAL CHIRAL FLUCTUATIONS
Now let us recall a discussion of a superconductor. There we argued that when we "spoiled" BCS saddle point
(which is in fact assumption that Fermi-energy is much bigger than bound state energy) either by increasing coupling
strength of by decreasing carrier density there appears a phase with preformed gap modulus but with no phase
coherence and thus no symmetry breakdown or what is the same phase with formed but not condensed Cooper pairs.
Let us now "spoil" mean-eld saddle point of N ! 1 treatment of NJL model by assuming that number N is no
longer innite. Then elds start to perform fluctuations around the extremal value (; a) = (M; 0). We can expand
action in small deviations from mean-eld solution. The quadratic terms of this expansion are:
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At nite temperature we impose antiperiodic condition on the imaginary time variable with period 1=T and sub-
stitute momentum integral by a summation over Matsubara frequencies !n = T(2n+ 1)
V. 3D O(4) SIGMA - MODEL TRANSITION IN THE NJL MODEL AT FINITE TEMPERATURES
Following to 3D XY-model approach to strong-coupling superconductivity [3] we will extract lowest gradient terms
and set up an eective sigma model for description of the symmetry breakdown at nite temperatures in NJL model
in the regime when mean-eld treatment is not applicable.












































J(T;;M) = K(T;;M) M2(T;) (11)
is stiness of the phase fluctuations, and we introduced following to [9] a unit vector eld ni  (n0; na)  (; a)=M .
The term (11) plays the same role as term Ωg(T;; @’(x)) in (2). It can be easily seen that when we approach
temperature T  where mass M(T ) becomes zero, the stiness J = K(T;;M)M2(T;;M) also tends to zero.
Formula (10) denes generalised Heisenberg model with temperature dependent stiffness coefficient.
Let us recall standard method of estimation of the temperature of the phase transition in a O(N)-sigma model.
One can relax constraint n2i = 1 and introduce an extra path integral over Lagrange multiplier . After integrating


























Where  is momentum cuto.
Returning to NJL model we should note that, in contrast to ordinary O(N)-sigma model, the term (10) has stiens
coecient that depends on temperature, mass and cuto. Temperature of the phase transition in such a system should
be determined self-consistently with the equation (6), just like in the case of the BCS-BEC crossover in superconductors
[3]. In the case of superconductor in the regime of innitesimally weak coupling strength temperature of the phase
transition of the eective XY model merges with temperature of the gap modulus formation (BCS limit) whereas in
the opposite BEC limit we have growth of the separation of these characteristic temperatures.
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A. Phase diagram of NJL model in the regime /M(T = 0) >> 1
Let us start with consideration of symmetry breakdown via sigma-model transition in the NJL model in the regime










p2 +M2 + !2n
: (15)
From the above expression one can easily nd the following formula for the temperature where the mass becomes zero
(which we will denote as T ):
T   2
3
 (16)
On the other hand from equations (9), (11), (14) one can observe that in the limit =M(T = 0) >> 1 Tc is much



















So in this limit ratio Tc= tends to zero whereas ratio T = tends to a constant value.Thus we have found that in
the regime =M(T = 0) >> 1 NJL model is similar to a Bose superconductor, but not to a BCS superconductor.
Symmetry breakdown in this regime can not be described by mean-eld theory but should be described by sigma-
model transition. Another circumstance that we can observe from the above expressions is that the phase diagram
contains a phase (Tc < T < T ) similar to the experimentally observed pseudogap phase of strong coupling (low
carrier density) superconductors where one has nonzero local gap but no symmetry is broken due to eective 3D
O(4)-sigma model is in disordered state above Tc(M(Tc);). Temperature should be increased up to characteristic
temperature T  to make gap modulus M(T ) vanish.
B. Phase diagram of NJL model in the regime /M(T = 0) < 1
Let us now turn to opposite limit =M(T = 0) < 1 and estimate whether "BCS" behavior is restored in this regime.
From the mean-eld gap equation (15) we can nd the following behavior of the gap function near T :







In this limit one can nd that temperature T  can be expressed via gap function at zero temperature with the formula





From which it follows that in this regime T  > . Stiness of the phase fluctuations in this regime near T  is given








Expressions (20) (14) (18) yield the following self-consistent equation that connects temperatures T  and Tc in the

























From (22) we can see that crossover from "BCS" to "sigma model" scenario of symmetry breakdown in NJL is
essentialy dierent from the similar crossover in superconductors. The main feature of this crossover in NJL model
is that it is nonmonotonous function of the crossover parameter =M(T = 0) - the above estimate shows that with
decreasing crossover parameter =M(T = 0) separation of the temperatures Tc and T  increases again, just like in
the case =M(T = 0) >> 1. In between the regimes =M(T = 0) < and =M(T = 0) >> 1, Tc passes a value that
is situated closest to T  but in contrast to analogous crossover in superconductors we do not have a limit where we
can make ratio (T − Tc)=T  arbitrarily small [3]. Thus even though NJL model has a region where for certain value
of =M(T = 0) critical temperature Tc is situated close to T , in principle it has no strict ”BCS” limit.
In is worth to note as well that even in the weak-coupling and high-carrier density superconductors one can always
distinguish region where there exist non-condensed Cooper pair above Tc even though this region shrinks when coupling
strength decreases. Physical properties of the superconductor in this region can be obtained perturbatively [11] 3.
Let us as well observe that from the above formulas for this crossover in NJL model one can see that formally in the
limit of large Nc system would "recover" "BCS"-like mean-eld behavior. Similar situation when at low N symmetry
breakdown is described by sigma-model and the recovery of mean-eld scenario in the regime of large number of eld
components we observed in Gross-Neveu model with U(1) symmetry [6,7].
VI. CONCLUSION
The Nambu{Iona-Lasinio model was proposed in analogy to BCS theory of superconductivity. BCS theory of super-
conductivity is a mean-eld theory and it describes superconductivity as a pair formation, i.e. when pairs are formed
at certain temperature they are condensed. However now it is a well-known fact in the theory of superconductivity that
away from the very special limit of large carrier concentration and innitesimally weak coupling strength temperature
of the pair formation and pair condensation do not coincide and moreover theoretically can be arbitrarily separated.
So in strong-coupling or low-carrier-density superconductors we can introduce two characteristic temperatures : T 
- where gap modulus forms but there is no phase coherence and Tc where symmetry gets broken via 3D XY model
transition. Crossover from BCS superconductivity to the phase with separated characteristic temperatures Tc and T 
is known in condensed matter as " Crossover from BCS superconductivity to Bose-Einstein condensation of tightly
bound fermion pairs"
In this paper we study NJL model taking into account classic chiral fluctuations and proceeding along the same
lines like in our paper on strong-coupling superconductivity [3]. We show that the phase diagram of NJL model
at nite temperatures is dominated by phase similar to BEC phase of superconductor. In BEC regime just like in
the strong-coupling and low-carrier density superconductors symmetry breakdown can not be described as a gap
modulus formation but it can be described as 3D O(4)-sigma model transition at certain temperature Tc whereas gap
modulus forms at higher temperature T . Another feature of the NJL model is that this crossover is non-monotonous
as a function of the ratio of mass at zero temperature to cuto and in contrast to superconductors NJL model at
nite temperatures, strictly speaking has no limit where BCS scenario can be recovered with arbitrary accuracy.
Consequence of the circumstance that NJL model is similar rather to BE than BCS superconductor is existence of
a phase with nonzero local gap M(T ) but with no broken symmetry. Another feature of the NJL model is that
according to estimates in [9] at zero temperature long range order can be destroyed by dynamic fluctuations. Despite
what is claimed in [9] their arguments do not hold at nite temperature as we discussed in our paper, however NJL
model should posses as well interesting crossover from the regime of strong classical static chiral fluctuations studied
in this paper to the regime of strong quantum dynamic fluctuations at zero temperature. It should be noted as well
that in contrast to [9] the results and conclusions present in this paper do not depend qualitatively on accuracy of
estimation of critical temperature of the eective sigma-model.
May it be considered as surprising circumstance that as it is claimed above temperature of the symmetry breakdown
in NJL model may be distinct from the temperature where local gap modulus M(T ) vanishes? From the point of view
of condensed matter physicist it is not surprising. It would be surprising if symmetry breakdown in NJL model would
3Merging of temperatures T ∗ and temperature of the phase transition of the eective 3D XY-model in the limit of weak-
coupling strength or high carrier density should be understand as an estimate for restoration of the BCS behavior since in
contrast to BEC limit we deal in this case with system of overlapping pairs and internal structure of composite boson is in
principle relevant for proper recovery o all the properties of this limit. However behaviour of critical temperature given by
XY model approach is qualitatively correct in the entire crossover region [3].
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be described by "a-la BCS scenario" for any values of parameters, as we can conclude from extensive studies and
experimental results on BCS-BEC crossover in superconductors. Moreover in some sense similar situations are known
in large variety of condensed matter systems, in particular, except for BCS-BEC crossover we can mention itinerant
and local-momentum theories of magnetism, exitionic condensate in semiconductors, ferroelectrics and Josephson
junction arrays.
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